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SINGLE-FREQUENCY FILTER FOR SIGNAL PROCESSING

Abstract. Modern methods of band-stop filtering are sensitive to the influence of 
high-frequency single-frequency interference, which significantly distorts the shape of the 
informative signal. The noted feature is leveled by the system of narrow-band high-Q band-stop 
filtering developed in the article. The narrow-band high-Q band-stop filter is approximated 
by the Butterworth polynomial of the second degree and has the property of a closed circuit 
of the negative feedback loop, which, unlike the existing system, ensures high-precision 
processing of noisy measurements. The choice of this second-degree polynomial is justified 
by its maximally flat and symmetrical amplitude-frequency characteristic, the absence of 
pulsations in the interference suppression band and signal transmission, as well as the 
allocation of the lowest distortion for the selected order. The article under consideration 
presents the result of synthesis of a control system for a narrow-band high-Q band-stop 
filter with a variation of the correction coefficient of the feedback loop, which increases the 
efficiency of processing noisy measurements when introducing a value for this coefficient 
K = 0.1. It was revealed that the smallest value of this coefficient, compared to the value 
obtained when forming single feedback, significantly increases the value of the filter gain on 
its frequency response and thereby ensures narrowing of the suppression band to increase 
the quality factor of the rejection filter at the interference frequency. Moreover, a non-random 
and significant correlation relationship was found between the measured indicators, caused 
by a decrease in the accuracy and noise immunity indicators of the signal processing system 
with an increase in the values of the correction coefficient of the feedback loop of the rejection 
filter of the selected order. At the same time, understanding the discovered relationship 
used in developing a method for processing noisy measurements will significantly improve 
the accuracy and noise immunity of the signal processing system. The presented results, 
characterizing a statistically significant and non-random relationship, confirm the operability 
and functioning of the signal processing system, which determines the operation of a 
high-quality rejection filter when filtering single-frequency interference.
Keywords. Filter, signal processing, feedback control, accuracy, noise resistance.

Introduction. Today, the development of new and robust methods for rejection 
filtering against high-frequency interference is a pressing issue in the processing 
of measurement information. This relevance stems from the fact that such filters 
largely allow their parameters [1-4] to be adjusted to those of the processed sig­
nals when isolating the informative components of the signal from an additive 
mixture of high-frequency and single-frequency narrowband interference. Inter­
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ference with such frequency content is primarily induced by the electrical network 
[5,6] when connecting external high-frequency devices [4] and various motors 
[7,8]. The presence of interference in signal information can significantly affect 
the measurement accuracy of the signal component, which can only be improved 
through the use of filtering methods [2,4,9].

Among the filtering methods, not only notch filters but also low-pass filters 
[10] are capable of filtering this interference. Unlike notch filters, low-pass filters, 
due to the characteristics they impart when filtering interference, are capable of 
smoothing the amplitude of the information signal, which is mainly due to the type 
of placement of the root loci-zeros and poles and their distance from each other 
on the complex plane. Consequently, a notch filter on the complex plane localizes 
the root loci-poles and zeros-rather close to each other due to the presence of 
the parameter s2 + w2 in the numerator of the continuous transfer function of this 
filtering element [3].

The frequency response of a band-stop filter is approximated in the vast major­
ity of cases using polynomial models [2-4], which allow one to achieve the required 
form of the amplitude-frequency response for solving the signal processing prob­
lem. Among the well-known and widely used polynomial models for approximating 
the frequency response are those based on the Butterworth, Bessel, Chebyshev, 
Newton, and Cauer polynomials [2-4,9]. The listed polynomial models allow one to 
obtain a clearly distinguishable frequency response of the filter [10], which affects 
the efficiency of signal processing when filtering out the interference signal. Due to 
the use of the listed polynomial models for approximating the frequency response, 
the class of these methods is usually called the Butterworth, Bessel, Newton, Che­
byshev, and Cauer polynomial filters [10].

According to the research data on notch filters [2, 11-14], among the listed 
methods of notch filtering, the filter approximated by the Butterworth polynomial 
provides high accuracy of signal processing. This is mainly due to the low val­
ues of signal processing accuracy and the generation of the largest values of the 
intrinsic error of these filters associated with their frequency characteristics, the 
noise stop band and the quality factor Q of the notch filter. In addition, the quality 
factor also has a significant impact on the accuracy of processing during signal 
measurement and the value of this indicator can be low only in the case [2] when 
the noise stop band is expanded. In the works [10], it was identified and estab­
lished that two approaches are mainly used for the synthesis of notch filters using 
polynomial models.

The first approach is based on the use of a stop-band of interference B, while 
the value of the quality factor Q of the filter under consideration is inversely pro­
portional to this indicator. Consequently, the efficiency of signal processing at the 
output of such a system under the influence of single-frequency narrow-band in­
terference will be insufficiently high [2]. In addition, this approach to the synthesis 
of a rejection filter is accompanied by a doubling of the filter order, which may be 
a characteristic process in the production of band-pass filters and band-stop poly­
nomial continuous filters [10]. It is important to emphasize that in this approach,
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when using an approximating first-degree polynomial n=1 for synthesis, the order 
of the filtering system is equal to two, that is, n=2, which leads to a change in the 
characteristics of the filters and is considered a feature of this approach.

The second approach is based on a parallel connection of the transfer func­
tions of high-pass and low-pass filters (HPF and LPF), where the lower filter notch 
boundary is characterized by the cutoff frequency ш1 for the HPF and the upper 
cutoff frequency w2 for the LPF. The overall transfer function W(s) of such a notch 
filter is calculated by adding the two transfer functions of the HPF and LPF. This 
approach differs from the first in that, instead of the interference stop-band B, the 
cutoff frequencies ш1 and w2 are used, defining the rejection width of a single-fre­
quency interference variable over a specific frequency range.

In [2], building on approach 2, a new single-frequency notch filter is synthe­
sized. This filter is based on a second-degree Butterworth polynomial and is char­
acterized by high filtering efficiency for noisy signals and accuracy compared to 
the Daubechies filter [11,15]. The key characteristic of the synthesized new notch 
filter is its high frequency quality factor, as well as its uniform frequency response, 
which has a positive effect on the efficiency of signal processing.

However, despite the noted superiority of the synthesized notch filter [2] over 
the Daubechies filter [11,15], the question of its further development by forming 
a feedback loop to correct its frequency response is currently considered open. 
Solving this processing problem is necessary to increase the gain on the filter­
ing system's frequency response, which is inevitably reduced by forming a sin­
gle-feedback loop. Therefore, synthesizing the overall transfer function of a notch 
filter with negative feedback to evaluate the effect of the correction coefficient on 
the frequency response for this element is a relevant and fundamental problem 
requiring a comprehensive approach.

In contrast to [2-4], this article presents the results of an assessment of signal 
processing accuracy by analyzing the effect of the feedback loop's correction co­
efficient on the frequency response of a single-frequency notch filter.

Materials and research methods. The synthesis method is based on the 
mathematical apparatus of transfer functions of continuous analog filters in a 
normalized frequency range, allowing the synthesis of high- and low-pass filters, 
where the resulting general transfer function for a single-frequency rejection filter 
is obtained by adding two filter circuits of the signal processing system, which has 
the form:
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The general transfer function W(s) of a single-frequency notch filter is:

W (s )  =  VKi(s) + W2(s) =
_  ________ £c__________ |__________(o?________  _  s l + U i l

(3)

The control system for the synthesized general transfer function of the notch 
filter is implemented by adding negative feedback with a correction coefficient 
K, variable in the range 0.1<K<1.0, respectively. The transfer functions of a sin­
gle-frequency notch filter with a second-degree Butterworth polynomial with coef­
ficient K  are as follows:
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The properties of a synthesized second-order notch filter control system are 
assessed in two stages: direct and indirect parameters at a normalized cutoff fre­
quency of w = 1 rad/s [10]. The indirect parameters are the amplitude-frequency 
response (AFR) and root-square characteristic, while the direct parameters are 
the filter's transient response. These parameters are considered informative for 
identifying the internal processes occurring within the filtering system's structure.

A relationship illustrating the influence of the feedback loop correction coeffi­
cient is demonstrated using a linear regression analysis method, which allows one 
to determine the strength of the relationship between the evaluated parameters 
[16], calculated at the output of the synthesized notch filtering system. The param­
eters used in the evaluation were those that most fully characterize the filtering 
system's performance when solving a signal processing problem.

The closeness, strength, and direction of the estimated relationship between 
the correction coefficient and the indicators are determined using the Chaddock 
scale and characterized as follows: 0.9<r<1.0 -  very high (strong) relationship, 
0.7<r<0.9 -  high relationship, 0.7<r<0.5 -  noticeable relationship, 0.5<r<0.3 -  
moderate relationship, 0.3<r<0.1 -  weak relationship. The non-randomness of 
the resulting relationship between the indicators is characterized by the p-level of 
significance, where the threshold level for accepting the hypothesis of a significant 
relationship is p  = 0.05, respectively.

Research results. The results obtained after substituting (1) and (2) the value 
w=1 rad/second into the overall W(s) transfer function (3) of the notch filter with 
feedback (4) for 0.1<K<1.0, made it possible to study the endowed properties illus­
trated in Figure 1. In this case, Figure 1 shows, for clarity, the filter characteristics 
calculated for the values of the contour coefficient K=0.1, K=1.0 and without feed­
back (W (s ) for comparison purposes) from all the analyzed frequency characteris­
tics of the filters for 0.1<K<1.0.

Figure 1 -  Effect of the feedback loop correction coefficient on the frequency response of
the notch filter
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From the figure, it's easy to see that the notch filter with a K=0.1 correction 
factor in the feedback loop has a gain of 0.9 in the frequency response, while for 
K=1.0, the gain in the frequency response is 0.5. Furthermore, the filter gain of 0.9 
achieved with K=0.1 is 1.8 times greater than the gain of 0.5 achieved with K=1.0 
(unity negative feedback), respectively.

Furthermore, if we compare the filter frequency response characteristics, we 
can see that the frequency response with K=0.1 has a steeper roll off than with 
K=1.0 and without a feedback loop. However, a notch filter without feedback, com­
pared to K=0.1 and K=1.0, has a frequency response gain of unity and a wide 
rejection band. Given a wider rejection band, this will result in a low Q factor and 
can significantly impact signal processing efficiency. Therefore, for a more thor­
ough understanding and description of these effects, Table 1 presents the results 
of evaluating the properties of notch filters.

Table 1 -  Evaluation of direct and indirect indicators of the filtration system

0,1<K<1,0
Direct and indirect indicators

Zeros Poles Transient time, s
0,1

-0±1i

-0,064±0,998 i 61,7
0,2 -0,118±0,993 i 33,7
0,3 -0,163±0,987 i 24,4
0,4 -0,202±0,979 i 20,8
0,5 -0,236±0,972 i 18,0
0,6 -0,265±0,964 i 15,3
0,7 -0,291±0,957 i 14,9
0,8 -0,314±0,949 i 12,5
0,9 -0,335±0,942 i 12,4
1,0 -0,353±0,935 i 12,2

W(s) -0±1i -0,707±0,707 i 7,0

The presented filter property assessment shows that, due to the decrease 
in the feedback correction coefficient of the rejection filters, the poles move 
closer to the imaginary axis (/), thus increasing the transient time. The distance 
between the pole and the imaginary axis for K=0.1 is only 0.002 units, while for 
a filter with K=1.0, this distance is 0.065 units, which provokes the formation 
of a long transient process with a time of fp=61.7 s at K=0.1 compared to the 
filter without feedback and the filter with K=0.1, according to the assessment 
presented in Figure 2.

Moreover, the smallest distance between the pole and the imaginary axis of 
the notch filter at K=0.1 on the frequency response (Figure 3) produces a steeper 
roll-off and a narrow filter noise suppression band, which makes it possible to 
obtain a high-Q notch filter that affects the signal processing and the fulfillment of
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the condition for minimizing the error e(t) of the measurement estimate. Moreover, 
the formed distance of 0.293 units between the pole and the imaginary axis for a 
single-frequency Butterworth notch filter without feedback, in contrast to the notch 
filters with feedback under consideration, generates a gain on the frequency re­
sponse equal to 1. Thus, the differences in the characteristics provide a complete 
basis for stating the identified features of the synthesized filters, taking into ac­
count the influence of the correction coefficient of the feedback loop at 0.1<K<1.0 
on the quality indicators of the system during signal processing.

In order to obtain the results of signal processing, the additive model of sinu­
soidal signals and its rejection filtering has the form as shown in Figure 3 for a filter 
with K=0.1.

From the above notch filtering result for K=0.1, it follows that the synthesized 
notch filter can filter out single-frequency interference of w=1 rad/s and isolate the 
signal’s information component similar to that of the noise-free reference signal. 
The introduced distortion in the form of undamped oscillations for this filter should 
be considered inherent to this process, caused by the close proximity of the sys­
tem’s poles to the imaginary axis. This leads to the emergence of a long-term 
transient process, which also affects the signal e(t) of the measurement estimation 
error, shown in Figure 4.
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Figure 4 -  Measurement estimation error

From the presented assessment it follows that the notch filter at K = 0.1 en­
sures the minimization of the measurement error of the signal components, con­
verging to zero, and allows us to state an increase in the measurement accuracy 
of the components of the signal s(t) under consideration. However, in order to 
speak about the increase in accuracy, there is a great need to conduct a quantita­
tive assessment of such indicators that can most fully characterize the operation 
of the signal processing system. Such indicators can be the signal-to-noise ratio 
(SNR), the root-mean-square deviation (MSE), calculated between the readings 
of the reference and filtered noisy signal, adapted from [16]. The results of the 
indicator assessment are presented in Table 2.
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Table 2 -  Evaluation of signal processing efficiency

0,1<К<1
Direct and indirect indicators

SNR_before, dB SNR_after, dB MSE, mV

0,1

0,969

12,250 4J95-10-4
0,2 11,732 4,986 10-4
0,3 9,602 5,633 10-4
0,4 7,543 6,61610-4
0,5 5,778 7,555 10-4
0,6 4,276 8,41210-4
0,7 2,979 9,18510-4
0,8 1,844 9,879 10-4
0,9 0,835 110-3
1,0 -0,069 1,110-3

The presented assessment shows that a Butterworth notch filter with К=0.1, 
compared to К=1.0, provides high measurement accuracy (MSE) and SNR of pro­
cessed signals to single-frequency interference. It should also be noted that the 
lowest MSE value indicates similarity between the filtered signal and the reference 
signal.

The impact of the correction coefficient 0.1<К<1.0 of the notch filter's negative 
feedback loop on signal processing performance can also be determined using a 
linear regression analysis of the parameters. For this analysis, the К  coefficient 
values should be selected as the predictor, and the SNR and MSE parameters 
should be the focus variables of the study. The results of the analysis can be 
visualized using a scattergram, with the paired correlation and determination coef­
ficients calculated, as shown in Figure 5.

The results presented in Figure 5 demonstrate a close, linear rela­
tionship between the SNR, MSE, and К, characterizing the influence 
of К  on the performance of the signal processing system. A non-ran­
dom negative correlation was found between the SNR and К  at r  = -0.991, 
R2 = 0.982, and p  = 210-7, indicating a decrease in the SNR with increasing К. A 
direct, non-random relationship was found between the MSE and К  at r  = 0.993, 
R2 = 0.986, and p  = T10-7, characterizing an increase in filtering error due to an 
increase in К . Thus, the results of the relationship assessment obtained through 
linear regression analysis are consistent with the data presented above.
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Figure 5 -  Dependence of the influence of the feedback loop correction coefficient on the 
signal processing quality indicators: a) SNR -  the ratio of the filtered sinusoidal signal to 
the single-frequency interference; b) MSE -  the standard deviation of the signal processing 
results between the test and filtered signals

The scientific novelty o f this research resu lt lies in the established relationship 
between the SNR and the MSE of the signal-to-no ise ratio and the values of the 
correction coeffic ient o f the negative feedback loop of the notch filter:

- changing the coeffic ient values in the range from 0.1 to 1.0 changes the sig- 
nal-to-noise ratio; further increasing this value leads to a decrease in the effective­
ness of processing noisy m easurem ents in term s of noise immunity;

- decreasing the correction coeffic ient o f the feedback loop by 0.1 narrows 
the sing le-frequency in terference suppression band in the internal structure of the 
system, thereby increasing the frequency quality factor o f this filte r and the effec­
tiveness of processing noisy m easurem ents in term s of accuracy by 4.795 10-4 mV 
and noise im m unity by 12 dB.

Conclusion. This article presents new perform ance evaluation results fo r a 
previously developed sing le-frequency notch filte r based on the Butterworth po ly­
nomial. The effect o f the negative feedback loop correction coeffic ient is eva luat­
ed fo r this second-order single-frequency notch filter. It is shown that the Butter- 
worth single-frequency notch filter, w ith a feedback coeffic ient o f К  = 0.1, exhibits 
a steeper frequency response roll off, the width of which is significantly narrower 
than that o f a filte r w ithou t feedback. This paper establishes fo r the firs t tim e the 
influence of the negative feedback loop correction coeffic ient on the signal pro­
cessing accuracy and noise im m unity o f a Butterworth sing le-frequency notch filte r 
by an average of 12.250 dB with a non-random  inverse corre lation coeffic ient of 
0.991, respectively.
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СИГНАЛДАРДЫ 0ИДЕУГЕ АРНАЛFАН Б1Р ЖИ1Л1КТ1 CY3H 
ТYЙiндеме. Ka3ipri тацда колданыска ие болып келетiн режекторлык сYзгiлер 6ip 
мaндi жотары ж ш лкт шуылды кедергтердщ aсеpiне ате сезiмтал болып келедi. Нэ- 
тижесiнде алшенетш сигналдардыц формасын бурмаландырып ауыткуларта ушы- 
ратады. Атап аткен ауытку тур1 карастырута усынылтан макалада куыс жолакты бip 
мэндi жиiлiri бар режекторлык сузп жYЙесiмен жойылады. Куыс жолакты бip мэндi 
жиiлiri бар режекторлык сузпсшщ жиiлiктiк сипаттамасы екiншi дэpежелi Баттерворт 
капмYшесiмен аппроксимациялантан жэне курамында кеpi байланыспен туйыктал- 
тан, ал баскада жуйелермен салыстыртанда шуылы бар алшеулеpдi жотары дэлдк- 
пен ацдейдт Карастырып отыртан сYзrirе екiншi дэpежелi капмYшенi тацдау оныц 
максималды тепс жэне симметриялы амплитуда жиiлiктiк сипаттамасымен, шуыл- 
дарды сYзriлеу жиiлiк жолатында луптдердщ болмауымен жэне аз ауыткуларын аз 
малшерде балуiмен неriзделrен. Жишш облысындаты куыс жолакты режекторлык 
сузпнщ баскару жуйесшщ синтезi кеpi байланыстыц коэффициентiн коррекциялау 
диапазонында келтipiлrен. Осы коэф ф ициенту мэнi К=0,1 болтан жатдайда электр- 
лiк шуылы бар алшемдердщ ацдеу нэтижелiri жотарлайтыны толытымен аныкталып 
каpсетiлrен. Сондай-ак бул коэффициентпен режекторлык сузпнщ амплитудалык 
жиiлiк сипаттамасында электрлк шуылды сYзriлеу диапазонында куыс жолактыц 
пайда болуын камтамасыз етедi. Сонымен катар режекторлык сузпнщ беpiлiс функ- 
циясыныц кеpi байланыс коэффициентiмен коррекциялау мэндеpiмен сигналдар- 
дыц алшеу дэлдш тн жэне шуылта тазiмдiлiriн аныктайтын карсетюштер арасында 
кездейсок емес корреляциялык байланыс аныкталды. Аныкталтан корреляциялык 
байланысты шуылы бар алшемдеpдi ацдеу эдiсiн эзipлеу кезiнде карастырып жэне 
колданута болады. Орнатылтан байланысты математикалык статистика туртысынан 
аныктасак, ол алшенген сигналдарды ацдеу жуйесшщ нэтижелiriн толытымен расс- 
тайды.
ТYЙiндi сездер: СYзri, сигналдарды ацдеу, баскару, кеpi байланыс, дэлдiлiк, шуыл­
та тазiмдiлiк.
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ОДНОЧАСТОТНЫЙ ФИЛЬТР ДЛЯ ОБРАБОТКИ СИГНАЛОВ 
Аннотация. Современные методы режекторной фильтрации чувствительны к влия­
нию высокочастотной одночастотной помехи, которая оказывает существенное иска­
жение формы информативного сигнала. Отмеченная особенность нивелируется путем 
разработанной в статье системы узкополосной высокодобротной режекторной филь­
трации. Узкополосный высокодобротный режекторный фильтр аппроксимирован по­
линомом Баттерворта второй степени и обладает свойством замкнутой цепи контура 
отрицательной обратной связи, что, в отличие от существующей системы, обеспечива­
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ет высокоточную обработку зашумленных измерений. Выбор данного полинома второй 
степени обоснован его максимально плоской и симметричной амплитудно-частотной 
характеристикой, отсутствием пульсаций на полосе подавления помехи и пропуска­
ния сигнала, а также наделением наименьшего искажения для выбранного порядка. 
В рассматриваемой статье представлен результат синтеза системы управления узко­
полосным высокодобротным режекторным фильтром при вариации корректирующего 
коэффициента контура обратной связи, повышающий результативность обработки 
зашумленных измерений при введении значения для данного коэффициента K = 0,1. 
Выявлено, что наименьшее значение данного коэффициента в сравнении со значени­
ем, получаемым при формировании единичной обратной связи, существенно повы­
шает значение коэффициента усиления фильтра на его частотной характеристике и 
тем самым обеспечивает сужение полосы подавления для повышения добротности 
режекторного фильтра на частоте среза помехи. Более того, обнаружена неслучайная 
и значимая корреляционная взаимосвязь между измеренными показателями, обуслов­
ленная понижением показателей точности и помехоустойчивости системы обработки 
сигнала при увеличении значений корректирующего коэффициента контура обратной 
связи режекторного фильтра выбранного порядка. Вместе с тем понимание обнару­
женной связи, используемой при разработке метода обработки зашумленных изме­
рений, позволит существенно улучшить точность и помехоустойчивость системы об­
работки сигнала. Представленные результаты, характеризующие статистически зна­
чимую и неслучайную связь, подтверждают работоспособность и функционирование 
системы обработки сигнала, определяющей работу высокодобротного режекторного 
фильтра при фильтрации одночастотной помехи.
Ключевые слова. Фильтр, обработка сигнала, обратная связь, точность, помехоу­
стойчивость.
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